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Buckling of Transversely Isotropic Mindlin Plates

E. J. BRUNELLE*
Rensselaer Polytechnic Institute, Troy, N.Y .

" General equations are derived that describe the motion of a transversely isotropic Mindlin
plate subjected to initial stress and displacement. These equations can be used to investigate
static deflections, free and forced vibrations, wave propagation etc., but for present purposes
are specialized to investigate buckling behavior. It is shown that transverse isotropy, which
accentuates the effects of shear deformation, induces decreases in the buckling loads, these
decreases becoming larger as boundary restraint is increased. Hence, as the plate becomes
more transversely isotropic, the addition of boundary restraint is progressively less effective in
raising the buckling loads of the transversely isotropic plate under consideration.

Introduction

ECENT articles have discussed the increased importance

of shear deformation when treating a variety of trans-
versely isotropic beam and plate problems.!~* In particular,
Brunelle* has demonstrated the deleterious effects of trans-
verse shear on the buckling loads of transversely isotropic
beams and has pointed out that increased boundary restraint
produces miuch less of an increase in buckling loads for trans-
versely isotropic beams than.for their counterpart isotropic
beams. This suggests, and it is born out in the sequel, that
the effects of transverse shear may also be an important factor
in analyzing the stability of transversely isotropic Mindlin
plates. To this end the present paper derives modified Mind-
lint plate equations that include the effects of transverse
isotropy, initial stress, and initial displacement. These plate
equations are suitable for investigating static deflections, free
and forced vibrations, wave propagation, etc., as well as
elastic stability. For present purposes however these equa-
tions are then specialized so that only elastic stability prob-
lems may be treated. In particular the elastic stability of a
rectangular plate, with two parallel sides simply supported
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T The definition of a Mindlin plate is a plate which possesses
rotary inertia and shear deformation characteristics as de-
scribed in Ref. 5.

and the remaining two sides subjected to a variety of bound-
ary conditions, is treated in detail.

Plate Equations

Following Mindlin,’ the z, y, z displacements, respectively,
are assumed of the form

u(x,y,z,t) = z')bx(x;yyt) (13')
.v(x7yiz7t) = zwy(x,y,t) (lb)
’U)(CC,Z/,z,t) = tT)(x,y,t) = ’wo(x,y) + w(x;y:t):t (10)

where . and ¢, are rotations, ©% is the total approximate
transverse deflection, wy is the initial stress-free transverse de-
flection, and w(z,y,t) is the elastic transverse deflection.
Hence the approximate strain field is given by

_ 9 _Lfow  owy ! o
Ex—a:zaxy exz—2<az+ax>=2<¢z+ax

(2a)

_o 9 _Lfow  ow\ 1 9_“’)
“ T T oy e“_z(aﬁay =\t oy

(2b)

1 It is to be noted that the definition of w has been modified to
include initial displacement.
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Assuming o, < o. and o, and introducing elastic constants of
theform B, = E, = E,F.— o G,y = G, and G.. = G, =
k2G* (where «? is Mindlin’s shear correction factor which we
assume to be 72/12) the approximate stress-strain laws, for a
transversely isotropic material, become

oz = [E/(1 — ) (e, + ve,),
oy = [E/(1 — v) (e, + veo)
Ory == 2@ €y, 0. 22 203G %€, 0y =2 265G ey, 3)

Using the results of Eq. (2), Eq. (3) becomes,
& 3y x P 0 ES
N mﬂGﬁ+ wﬁ o B2 @w+ ¢>

[

1 - ox oy 1 — vi\ Oy ox
ov. | oy .

oy O Opp (4

le_G(bJ—*—ax) kG )

oy = KAGF (g&u + 81;0)

Now introducing the following moment and stress resultants

h/2 h/2
M, = — f ouede, M, = — f 0ay 22,
J —h/2 —h/2
h/2
My, = = [ o ®)
h/2 h/2
Q. = f~h/2 oz, Qy = f—h/2 002
and using Eq. (4), Eq. (5) becomes '
Y. | A%\ oY, , Y. >
Y _ - =
M. (bx Ty )My oy T o

Moy = —[(1 — »)/2]D(0¥./0y + 0Y,/0%) (6)
Q- = G*h(Y. + dw/0z), Q, = G*h(Yy + ow/0y)

where © = ER3/12(1 — »?2).

Equilibrating the forces and moments on a deformed plate
element of constant thickness & yields three equations of
motion?:$

an aQJ az(w + w())
g+ % + 5+ N dux? +
32(10 + wo) % (w + wy) .
2N 4y w0y + N, oy pho =0 (7)
OM./0x + OM /Oy + Qo + Yuph®/12 = 0 8
OM,/dy + OM.,/0x 4+ @, + Yuph?/12 = 0 9
where ¢ = distributed transverse loading; N,, N,, N., =

initial in-plane resultant due to initial stress; p = mass
density of plate; 2 = plate thickness.

Notice that if wo = N, = N,, = N, = 0 (zero initial dis-
placement and stress), Eqs. (7-9) are exactly Mindlin’s plate
equations.’

Using the results of (6), and defining
S; = =N./D, Ssy = —N.,/®, S, = =N,/
M = ph3/12D, M* = ph/D, Q = KG*h/D
Equations (7-9) are finally given as

Y. bm ow | w 0*(w + wo)

—¢ < T Ox2 by2> S ox?

0*(w + wy)
oy?

+

62(10 + Wo)

28,y
& 0xdy

+ 8, T M = % (10)
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o 0 ! o, _

o N (1 —¥) (1 + v )axb_j \
Q (xlzx + a‘.i) — .M =0 (11

o, |, 1 o, 1 2.

B Ta T e Ty U e, T

(l//y y) g, M =0 (12)

Equations (10-12) are similar to a linearized version of those
derived by Herrman and Armenakas? for isotropic elastic
plates under initial stress and displacement. Expressions
alternate to Eqgs. (10-12) as well as an uncoupled equation for
the transverse deflection w are presented in Appendix A.

It bears repeating that Egs. (10-12) are suitable for
analyzing the whole spectrum of statics and dynamics prob-
lems that can be associated with a transversely isotropic
Mindlin plate under initial stress and displacement. However,
these equations are now specialized to describe the elastic
stability of a plate simply supported on the two sides 2 =
0,a.

Homogeneous Stability Equations of a Plate
Simply Supported at x = 0, a with S,
and S, Acting

Letting ¢ = 8., = we = 0%/0¢* = 0, introducing the dif-
ferential operators D= = dr/dy~, and assuming the displace-
ment and rotations to be given by

wz,y) = W(y) sin(mrz/a)
Yo (zy) = V.(y) cos(mmz/a) (13)
¥ulzy) = V,(y) sin(mmz/a)

where m is the number of half-waves in the z direction, it is
seen that simply supported boundary conditions on the sides
@ = 0, a are satisfied, and that the operator equation equiva-
lents of Eqgs. (10-12) become

w
[4:5] g‘Ifg = {0} (14)
v,

where the elements of [A4.;] are given by
An = (1 = 8,/Q)D> — (mw/a)*(1 — 8./Q),
Ayp = —mm/a, Ayu =D
Ay = —Q(mm/a), Ap = 3(1 — »)D* — [Q + (mr/a)?]
Ay =31 + v)(mn/a)D, Ay = —@QD
Ap = —3(1 + »)(mw/a)D,
A =D — [Q + 3(1 — »)(mn/a)?]

The uncoupled operator equation for W (and for ¥, and ¥,
also) is given by the determinant of [A4;;] and may be ex-
pressed in the following factored form

(144D4 —|— A2D2 + AO)(CQDZ + Co)W =0 (15)
where
—(mm/a)*[(mm/a)2(S./Q — 1) + 8.]  (16a)

= (mw/a)* (8./Q — 1) +
(mm/a)? (S,/Q — 1) + 8, (16b)

—{Q + [(1 = »)/2](mm/a)?}
(16¢)

=(1-28,/8), C=
Cy=(1—7»)/2

Corresponding to Eq. (13), the moment and shear resultants
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m=! FOR ALL CURVES
Sk v=.3

0 i 2 3 a 5
a/b

Fig. 1 Buckling coefficient for x sides simply supported,
one side free and one side simply supported.

needed for specifying boundary conditions on the y faces are
given by

M, = [v(mr/a)¥, — ¥,'1D sin(mrz/a) (17a)

My = —[(1 —»)/2]1[¥." + (mr/a)¥,]D cos(mmz/a) (17b)

Q, = [¥, + W']G*h sin(mrz/a) (17¢)

A list of common boundary conditions is given in Appendix

B.
The roots of the biquadratic factor in Eq. (15) are D =

+a, =16 and the roots of the quadratic factor in Eq. (15)
are D = =1y, where

at = —A5/244 + [(A2/244)% — (Ao/4AD*  (18a)
B2 = A2/244 + [(45/240)% — (Ao/49)]1Y2  (18b)
v* =2Q/(1 — ») + (mw/a)? (18¢)

Hence the W, ¥,, and ¥, solutions of Eq. (15) which satisfy
any two of the parent equations, say Eqs. (11) and (12), are
given by$

W(y) = A sinhay 4+ B coshay + C sinBy + D cosBy (19)
Y.(y) = (mr/a)[6:A sinhay +
B coshaj/ — 8,C sinfBy — 8:D cosBy] +
E sinhyy -4 F coshyy (20)
V,(y) = diad coshay + 6,aB sinhay —
826C cosPBy + 6:8D sinBy +
(1/7)(mn/a)E coshyy + (1/v)(mxw/a)F sinhyy (21)
where
& = (Q/An{3(1 — »)[a® — (mr/a)?] —~ Q}
2 = (Q/A) {3 ~ »)[8* + (mw/a0)?] + Q}
A= B = e — Q@ — (mr/a)][a? — Q —
1 — v)(mr/a)?] + (1 4 p)2(mr/a)?a?
Ay = (1 — 9B+ Q + (mr/a)?][8 + Q +
(1 — »)(m/a)?] — £(1 + »)¥(mm/a)*B?

In particular note the degenerate form of Eq. (19) which
does not contain sinhyy and coshyy terms. Equations (19—
21) may be used, along with appropriate boundary conditions
at y = 0, b, to solve buckling problems with biaxial compres-
sions S, and S, acting. In what follows a more modest class

§ From this point on, D is a constant of integration, not an
operator.
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of problems are solved; those with uniaxial compression (i.e.,
8, = 0).

Buckling of Plates Simply Supported at x = 0,

a with a Uniaxial Compression S, Acting

With 8, = 0, Eq. (18) reduces to the following set of rela-
tions,

2_m2 _& ma [ (mr\? §ﬁ2 12
« ‘(a) (1 2@)‘“ a[(a) (2@) +S‘]

(22a)

e o (MY (Se _ mar [ (m\* (8. \? 172
b "(a) <2Q 1>+ 0 [(a) (5@) +Sx]

(22b)

v? = 2Q/(1 — v) + (mw/a)? (22¢)

and for convenience two new parameters S and k are defined
as

S = (1/Q)(w/b)* = (E/G*)(h/b)*/(1 — v?)
k= (b/7)28,
Note that & is the usual buckling coefficient and that S is the

only parameter that includes transverse isotropy, that is the
E/G* ratio. With these results in mind, a series of four prob-
lems and their results are now presented.
Plate Simply Supported aty = 0, Freeaty = b
Applying the boundary conditions
W(0) = ¥.(0) = ¥,’(0) =0, W)+ V,(0) =0
V.'(b) + (mm/a)¥,(b) = 0, w(mr/a)¥.(b) —V¥,’(b) =0

leads to the conclusions that B = D = F = 0 and that

A
[@:] go =0 23)
E

where

an = (1 + &)a/coshyd
a2 = (1 — 82)B cosPb/coshab coshvyb
ain = (1/v)(mwr/a)/coshab
Ay = 261a}coshyb L
agy = —28,8 cosBb/coshab coshyd
ax = [y(a/mm) + (1/7)(mw/a)/coshad
a1 = [v(mmr/a)? — «?]8, tanhab/coshyb
a3 = — [v(mmw/a)? + (2]8; sinBb/coshab coshyb
as = (v — 1)(mm/a) tanhyb/coshab

The stability determinant |a.;;| = 0 yields values of & for
given values of a/b, S, m, and v; the minimum & values¥ for
v = 0.3 are shown in Fig. 1. The mode shape is then deter-
mined by using (23).

Plate Clamped aty = 0, Freeaty = b
Applying the boundary conditions
W) = ¥.(0) = ¥,0) =0, vimr/a)¥.(b) — ¥, (b) =0

(@/mm)¥,"(b) + ¥,(0) = 0, W) + ¥,(b) =0

T That is, the lower envelope of the k values.
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leads to the conclusions that
D = —B, E = vy(a/mm)[6:8C — a4},
F = —(mw/a)(6, + 6.)B (24)
and that

A
{as;] ng = {0} (25)
C

where™*
an = «[(1 4+ 8;) coshab — §; coshyb]
ap = a(l + &) sinhab + B(1 — &) sinBb —
(1/7) (mar/a)2(8, -+ 82) sinhvyb
a3 = BI(1 — 62) cosBb + 8; coshyb]
an = &[{(mr/a)» — a?} sinhab 4 ay(l — ») sinhyb]
ax = &i{(mw/a)» — a?} coshab + &f(mw/a)?v
+ B2 cosBb + (mm/a)¥ (8 4+ 85)(1 — v) coshyb
axn = 8[yBw — 1) sinhyb — {(mr/a)% + B2} singb]
an = &[2 coshab — {1 + ~v2(a/mm)?} coshyb]
Az = 20, sinhab — 28,8 sinBb — (6, + do){y +
(1/9)(mm/a)?} sinhyb
as = 8:B[{1 -+ ¥*a/mm)?} coshyb — 2 cosfSb]

The stability determinant |a.;| = 0 yields values of & for given
values of a/b, S, m, and v; the minimum k values for » = 0.3
are shown in Fig. 2. The mode shape is then determined by
using Eqgs. (24) and (25).

Plate Simply Supported aty = 0andy = b
Applying the boundary conditions
W) = ¥.(0) = ¥,’(0) = W(b) = ¥,(b) = ¥,/(b) =0

leads to the conclusions that A = B =D = E = F = 0 and
that sinb = 0. Therefore 8b = 7 is the desired root of the
stability determinant and a closed form expression for k is
given by

k= (mb/a + a/mb)%/{1 + S[(mb/a): + 11}  (26)

a/b

Fig. 2 Buckling coefficient for x sides simply supported,
one side free and one side clamped.

** A better form for computation is obtained by dividing the
a:;’s by the factor coshab coshvyb.
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a’b

Fig. 3 Buckling coeflicient for all sides simply supported.

The minimum values of % are shown in Fig. 3 and the mode
shape is given by

W) = C sinBy 27)

Plate Clamped aty = 0 andy = b

Applying the boundary conditions

W(©0) = ¥.(0) = ¥, (0) = W(b) = ¥.(b) = ¥,(b) =0
leads to the conclusions that

D = —B, E = y(a/mm)[—8iad + 8,8C],

(28)
F = —(mr/a)(8, 4 82)B
and that
A
lai;] gB = {0} (29)
c
wherett

o = sinhab, ap = coshab — cosBb, a1z = sinBb
ay = [(mm/a) sinhab — ay(a/m=) sinhvyb]d,
Gz = [0; coshab + 82 cosBb — (6; -+ 82) coshyb](mn/a)

ass = [By(a/mm) sinhyb — (mw/a) sinBb)d,

az = [coshab — coshyb]ba
a3 = 01 sinhab — 8,8 sinf8b —
(1/v)(mw/a)*(6: + &) sinhyb

az = [coshyb — cosBb]d.6

The stability determinant |a;;] = 0 yields values of k for
given values of ¢/b, S, m, and v; the minimum % values for
v = 0.3 are shown in Fig. 4. The mode shape is then deter-
mined by using Eqgs. (28) and (29).

Discussion and Summary

Figures 1-4 show two general trends. Firstly, for a/b <0.6,
particularly large decreases of k can occur for a given change in
8. Secondly it is clear that increasing boundary restraint
makes the buckling load more dependent on S, the effect being
deleterious. A summary graph, Fig. 5, plots the minimum
buckling coefficient kyry vs S for the four problems considered.
It is seen that d kyy/d S inereases negatively as boundary re-
straint increases, for any S = const value. Extrapolating the
general trends of Figs. 1-5, it is to be expected that plates
with even more boundary restraint (for example a plate
clamped on all {our sides) will suffer more severe decreases in
buckling load due to the added shear deformation effects as-

Tt A better form for computation is obtained by dividing the
aij's by the factor coshab coshyb.



1022 E. J. BRUNELLE

a/b

Fig. 4 Buckling coefficient for x sides simply supported,
the other two sides clamped.

sociated with transverse isotropy. Hence a useful extension
of the present work would be the formulation of an approxi-
mate solution scheme for the plate stability equations (10—
12). For example, a Galerkin technique using Timoshenko
beam modes as the admissible functions might be a suitable
and simple approximate solution scheme. .

In summary, it has been shown that transverse isotropy,
which accentuates the effects of shear deformation, lowers
buckling loads for the cases considered; the decrease in the
buckling loads becoming larger as 1) the boundary restraint
is increased and 2) as the a/b ratio becomes 0.6 or less. Hence,
in particular, the engineer’s conventional intuition as to the
effects of boundary restraint in raising buckling loads must be
carefully modified when dealing with transverely isotropic
plates.

Appendix A: Alternate Equations of Motion

Introducing the relations ® = 0y./0z + 0y,/dy and
= 02/0x% + 0%/0y?, Eqgs. (10-12) become

O (w -+ w)
ox?

O fuw) | ) 0
oxdyY + 5, oy? "= D

31— )V, + (1 + »)0P/0z] —

Qs + ow/ox) — Y. M
31 — V2, + (1 4 »)od/oy] —

Q(¥y + ow/dy) — ¥,M =0 (A3)

Differentiate (A2) with respect to x and (A3) with respect to
y and add the results to get

VEP — Md — QP = QV (A4)

- Q@+ Vw) + 8. +

28., (A1)

=0 (A2

CL.-FREE
2r 5.5.-FREE

|
0
[] .05 .10

S

Fig. 5 Minimum buckling coefficient vs S for x sides
simply supported, the y sides supported as indicated.
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Solve (A1) for ® to yield

1 A (w + wo)
= 6[—szw + 8. omt ~ o+
OHw 4+ wo) O*(w + wy) q
28., 2wy + Sy ———— o + M*o — 5] (A5)

and inserting (A5) into (A4) yields an equation for just
w(zy,tb).

Viw — (M + M*V% + M* (w + Qw) +

o _ V) ot
I:Q ox? ox? +M bx2:| T

ow (VW) | ok
28z I:Q QY dxdy + M bxby] +

dw VW) ow 1 )
Sy[QbT/"’_ oy +Ma—yz}=5[Qq_VzQ+Q]+

02(V2’U)0) 02'11)0] [02(V2’U)0) O%we ]
8. 282y
|: ox? -4 +23 0xdy Q Azoy

02(V2ay) Q2w

Appendix B: A Summary of Some Simple y = y
Boundary Conditions

In what follows, the physical boundary conditions are
given on the left and the corresponding mathematical bound-
ary conditions are given on the right.

Simply Supported aty = y

w(z,g) =0 W@ =0
Y(2,7) = 0r— z(y) 0 (B1)

Clamped aty = y

w(z,j) =0 W@ =0
Va(z,7) = V. (7) =0 B2)
\by(x;y) = \I’y(g) =0
Free at y' =y
¥,'(7) =0

Myo(z,§) = 0p—><W."(§) + (mr/a)¥,(5) =0 (B3)

My(z,5) = OE {V(Wr/a)‘h(z?) -
Q(2,9) = 0 W@ + ¥,(@ =0
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